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Modeling, Analysis, and Prediction of Flutter
at Transonic Speeds

K.-Y. Fung* and T. H. Shieht
University of Arizona, Tucson, Arizona 85721

The solutions of the two-degree-pf-freedom aeroelastic system of an airfoil about different elastic axes are
shown to be algebraically homomorphic. A simple aerodynamic model allows the characterization of this system
by the lift and moment slopes and two characteristic time constants from the indicia! response to pitch, in
addition to the usual structural parameters. Algebraic expressions for the flutter speed and frequency in terms
of these parameters are thus derived. For flutter frequencies that are small compared with the characteristic time
constants or for time constants that are close in magnitude, these expressions can be further simplified to
uncoupled, explicit expressions. Many characteristics of flutter and their parametric dependency are readily
discernible from these expressions, including the condition for flutter. It is shown that the flutter speed reaches
the minimum (the so-called transonic dip) as the slope of pitching (about midchord) moment curve Cma becomes
maximum. Hence, the Mach number of the transonic dip is predictable using quasisteady aerodynamics.
Examples are also given to show the applicability of this simple criterion for the transonic dip of supercritical
wings.
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Nomenclature
distance in semichords of elastic axis behind
midchord
semichord
lift-curve slope
slope of pitching moment curve for midchord axis
chord length
structural damping factor
vertical displacement of elastic axis (positive
downward)
complex constant, V- 1
key parameter for flutter,
flexure spring constant
torsion spring constant
reduced frequency based on full chord,
reduced frequency based on semichord
lift per unit span (positive up)
lift coefficient due to plunging
lift coefficient due to pitching
pitching moment per unit span about elastic axis
(positive nose up)
freestream Mach number
moment coefficient due to plunging
moment coefficient due to pitching
mass per unit span
uncoupled frequency ratio, o^/co^
radius of gyration in semichords about elastic axis
dimensionless time measured by chord lengths
traveled
flutter speed, freestream velocity

distance in semichords of center of gravity from
elastic axis
distance in semichords of center of gravity from
midchord
flutter solution, (o>a/co)2(l + ig)
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A 2
, A 4

= angular displacement, angle of attack
= arbitrary constant
= characteristic time of lift response to pitch
= characteristic time of moment response to pitch
=mass ratio,

P
Poo
co, coF

= freestream density
= circular flutter frequency
= uncoupled natural frequencies for plunging and

pitching, respectively

Subscripts
i
r
oo

= imaginary part of a complex quantity
= real part of a complex quantity
= property of freestream

Superscript

140

= quantities with respect to pitching about midchord

Introduction

I T has been known since World War II that wings and
control surfaces of high-speed aircraft are most unstable,

aeroelastically, at transonic speeds and that the lowest flutter
dynamic pressure of many wings of advanced design occurs at
a Mach number near unity. The sudden rise in the flutter
dynamic pressure was noted in early experiments on rocket-
propelled or free-falling objects and attributed to the shift in
the dynamic center of pressure associated with two-dimen-
sional supersonic flow, but the Mach number at which the rise
begins was found to be sensitive to wing thickness among
other factors.1 Landahl2 in the introduction of his monograph
emphasized the importance of large phase lags between mo-
tion and air pressures at transonic speeds. The comprehensive
work and careful experiments of Tijdeman3 led many re-
searchers to focus their attention on shock motion and ascribe
it to the sudden drop in flutter dynamic pressure as the flow
becomes supercritical. Isogai4'5 asserted that the transonic dip
is caused by the large time lag between the aerodynamic pres-
sure and the airfoil motion due to compressibility effects,
especially the phase delay of the shock motion. He also exem-
plified the dominance of single-degree-of-freedom flutter at
the dip. Ashley6 assessed the role of shocks by adding, heuris-
tically, a shock-force doublet to the forces given by classical
theory. Zwaan7 attributed the mechanism of flutter to the
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large phase lag in the lifting force due to pitching and hypoth-
esized that the dip should be determined primarily by this lag.
In an attempt to account for the substantially lower flutter
boundary found in the experiments of the supercritical TF-8A
wing than that of the same wing except with conventional
cross sections, Farmer and Hanson8 noted the marked increase
in the lift-curve slope of the former over that of the latter wing
and commented that the dynamic pressure at flutter tends to
be proportional to the inverse of the lift-curve slope.

For flutter analysis of subsonic or supersonic flight, reliable
methods based on linearized theories are readily available.9'10

The difficulty of an analysis involving a transonic flow lies in
the well-known intrinsic transonic nonlinearity, which makes
any linearized theory amplitude dependent and, hence, its
validity restricted to special cases. Since the advent of the
modern computer, the majority of research and developments
in steady and unsteady transonic flows has focused on the
numerical approach. It is a common expectation that this
alternative to wind-tunnel testing would become more eco-
nomically feasible as the computer becomes more powerful.
Nevertheless, even with all of the expected advances in both
hardware and software, the costs of a flutter analysis for a
transonic flight using the numerical approach remain pro-
hibitively high for routine applications. The lack of an engi-
neering approach with effective characterization of the tran-
sonic nonlinearity has precluded configuration optimization
for the transonic speed range in the preliminary design.

A typical flutter analysis involves a set of parameters char-
acterizing the structural properties of the wing, or wing sec-
tion, and the aerodynamic response as a function of the struc-
tural deformation modes. Because of the functional complex-
ity in the aerodynamic response, an analysis of the simplest
flexure-torsion flutter of an airfoil in an incompressible flow
amounts to a task of finding the complex roots of an algebraic
system, containing complex transcendental functions, through
numerical means.11 For a subsonic flow, the exact functional
representation of the aerodynamic response, e.g., to pitching,
is not known, and approximations valid for low reduced fre-
quencies are also in terms of complex transcendental func-
tions.12 For a transonic flow, the aerodynamic response func-
tion itself is known to exist only as a numerical approximation
to the governing equation,13 and an analysis amounts to point-
wise solution evaluations in a restricted region of the paramet-
ric solution space.

Here, the aerodynamic model of Fung14 is used to represent
the aerodynamic response to pitching and plunging of an
airfoil in a transonic flow. It will be shown that the low
frequency assumption implied in the model and the large
characteristic time of the aerodynamic response render simple,
explicit, algebraic expressions for the flutter speed and flutter
frequency in terms of the structural parameters, the slopes of
the lift and pitching moment curves, and two time constants
characterizing the lift and moment responses to indicial pitch.
Evaluations and comparisons with published results show that
these expressions, despite their simplicity and explicitness,

Fig. 1 Definition of parameters for two-degree-of-freedom flutter
system.

preserve the essential parametric dependency of the aeroelastic
system and deviate very little from the classical approach.

An important result of these expressions is that the tran-
sonic dip occurs when the slope of the pitching moment curve,
Cma is stationary with respect to the Mach number. This
criterion, being purely aerodynamic and derived for airfoils,
seems to hold for wings as well.

Homomorphic Flutter System
The classical flutter analysis of a two-degrees-of-freedom

airfoil system, Fig. 1, amounts to finding the complex roots Z
of the determinant (e.g., see Ref. 15),

- a) + MI
= 0 (1)

where ju, is the ratio of airfoil mass to apparent mass of air, R
the ratio of uncoupled (plunging to pitching) circular frequen-
cies, a the distance of the elastic axis about which the radius of
gyration ra is measured, Xcg the location of the center of
gravity (all distances measured in percent half-chord from
midchord), and Li9 L2, -Mi, and M2 are lift and moment
coefficients (in complex form) corresponding to plunging and
pitching modes, subscripts 1 and 2, respectively. The first five
parameters are essentially structural, and the last four are
purely aerodynamic. The solution Z is related to the flutter
circular frequency oo and structural damping factor g (nor-
mally set to zero for a critical flutter analysis) by Z = (coa/
co)2(l + ig), where / is the complex constant. Standard proce-
dures for solving Eq. (1) are well established (e.g., the U-g
method15) and need no further explanation here.

The aerodynamic coefficients L\, L2, MI, and M2 obtained
for the elastic axis position a can be related to those obtained
for the midchord by

Ll
L2

M
M2

1 0 0 0
- a 1 0 0
- a 0 1 0
a2 -a -a 1

M{ (2)

Herein, the prime denotes quantities with respect to midchord,
a = 0. Equation (1) can be rewritten in the form

[D,-C,-B,A]

M2

= BC - AD (3)

where

B = »(Xcg - a}

C = fji(Xcg - a)

D = jir'd - Z)

or in terms of the primed aerodynamic parameters

(4)

[D, -C, -B,A]

1 0 0 0
- a 1 0 0
-a 0 1 0
a2 - a - a 1

M{
= J?C - AD

(5)
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Equation (5) can be made homomorphic to Eq. (3), i.e.,

[D'9-C',-B'9A']

by defining the quantities

M{
A/2

= B'C' -A'D' (6)

A' = A

B ' = B + a A

C' = C + aA

D ' = D + aC + aB + a2A

and requiring that

A' = v'(l-R'2Z') = fji(l

(7)

B'=n' (Xc'g) =

D ' = n'r^l - Z') =

+ a2n(\ - R2Z)

- Z)

- R2Z)

- a)

(8)

Notice that since B = C, EC - AD = B ' C ' - A 'D ' and
B ' = C ' . The transformations in Eq. (8) allow the definition
of a new set of structural parameters //, ' , R ' , rj , and Xc'g , not
unique at this point but homomorphic to the original set.
Hence, a solution Z of Eq. (1) can be found by mapping it to
the corresponding solution Z ' if its dependency on the primed
parameters is known.

Simplified Flutter Solutions
The difficulty of solving Eq. (1) for Z comes from the

representation of the aerodynamic parameters Lj and M/. By
sampling a number of indicial response curves, Fung14 ob-
served that a typical indicial lift or moment response C(t) to a
change of incidence can be adequately represented by
Ca(l - e~x?), and the corresponding response H(k) to har-
monic pitching by H(k) = Ca(l - ik/\)/[\ + (Ar/X)2], where k
is the reduced frequency based on the chord, t in units of
chord traveled, Ca = C(oo) or the quasisteady response to a
change, C(t) = C - Ca, and

X= -
C2(oo) - C2(0)

F5
2 C2dt

Jo

For example, Wagner's function (the Heaviside jump sub-
tracted) can be represented well within 10% by choosing
X = 0.322 and the corresponding Theodorsen's function
within 9 and 35% for the real and imaginary parts, respec-
tively, over the entire range of reduced frequency. It should be
noted here that the error measured with respect to a mathe-
matical model, such as Wagner's function, of a physical pro-
cess does not necessarily imply the same amount of deviation
from the physical process.

With Fung's aerodynamic model and the assumption that
the downwash [ = dh • eikt/dt = kh - ei(kt + ir/V] due to plunging
motion leads that ( = a • eikt) of pure (about midchord) pitch-
ing motion by 7r/2 for low reduced frequencies, the complex
aerodynamic coefficients of Eq. (6) take the simple form,

2d.
\/zm?,]\,

L{ = L{,r + /L2'/ = -
*[!•

M{ = M{, + iMfj = 4C" i,
k

(9)

where _1 /k2 has been replaced by the complex frequency Z
times U [ = (£//ccoa)2, the normalized flutter speed square] or
can be replaced by primed quantities Z'V. The comma in the
square brackets separates the real and imaginary parts. It is
clear from Eq. (9) that the aerodynamic responses of the
system are now characterized by two time constants, X/ and
Xm, and two aerodynamic coefficients, C/a and CWa, and that
the phase lags between harmonic motions and their aerody-
namic responses are simply time delays corresponding to the
times for the lift and moment to reach the asymptotic values
after a change of a.

Using Eq. (9), the real and imaginary parts of Eq. (1), Fr
and Fi9 in terms of the primed parameters — it should be noted
that the primed and unprimed systems are identical when
a = 0 — assume the form

Fr = R '2n'2r^2Z'2 -(1+R ' V2ra'2Z' + v'2r^2

+ L!>'r0'2 + M2>' - (Li,

and

Ft = -Z'v,'(L{jr

-R '2Z

i = 0 (10)

- [p(Xcg - (11)

where p ( = n/n') is chosen and shown later to be independent
of p. Without further substitution of the expressions from Eq.
(9) for the Lj and M,, Eqs. (10) and (11) are exact equivalence
of Eq. (1) simplified by a homomorphic transformation. Us-
ing the expressions in Eq. (9), they become pure algebraic
expressions involving four aerodynamic and five structural
parameters for the solution of the flutter speed U and fre-
quency k or, equivalently, U' and Z ' . Formally, a solution
procedure entails iterative selections of U' such that Z ' satis-
fies both Eqs. (10) and (11). However, a rather explicit expres-
sion for Z' is readily available from Eq. (11), i.e.,

Z' =
A/a',/ - [p(Xcg -

'2 - aR / 2 (12)

which already implies that the circular flutter frequency co
( = a>a/Vz' for the case a = 0) depends only on the imaginary
parts of the aerodynamic parameters and very weakly on ^
through the choice of V in Eq. (9) such that Z' satisfies Eq.
(10) as well. Again, in this form, despite the simplicity, Eq.
(12) is nonetheless exact and is not limited to a particular type
of flow. By further assuming that X/ = \m, or k < X/ and Xm,
which in general are not equal but of the same order, the
denominators in Eq. (9) can be factored out. Thus Eq. (12)
reduces to

Z' =
[p(Xcg -a) + a](2A3 + 2A1A2)

/2 aR '2(2A3 + 2A1A2)
(13)
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where the aerodynamic parameters C/a, 1/X/, Cma, and l/\m have been replaced by A\y A2, A3, and A4, respectively, for easy
distinction from the primed structural parameters, conveniently defined by setting /*' = JK, rj2 = r2 + 2aXcg -a2, and

a2R2

when r2 + 2aXcg - a2 ̂  0. Thus, Z' is related to Z by

and Eq. (10) implies that the flutter reduced frequency kc, with the subscript c denoting full chord, is given by

2___________8^3(1 -R'2Z')-4AlXc'g__________
'2Z' - 'X '2

(14)

Since the left-hand side is a positive-definite quantity, the right-hand side of this equation explicitly states the condition for flutter.
If, however, r2 + 2aXcg - a2 = 0, the choice of

r / 2

n oa2R2

a2 = Pr2, and a 0 such that

, r2 - r2R2 + a2R2 = 0

yields a different relation for Z and Z', i.e.

Z =-

?£" rp '2n2 y
Zf=2K,[R aXc,

and Z' is given by

where the various A have been replaced by the parameter
groups K' = 4A^A4/Ai^2 and KI = A2 + A3/A{. It can be
shown that, when 0 5* 1, Z thus computed is independent of
the choice of 0. Equations (13) and (15) involve five trans-
formed structural parameters and two aerodynamic parame-
ters groups K' and K^ Since Z' and then kc can be computed
explicitly, the flutter speed U is simply ccoa/A:cVz.

Further simplifications are possible by noting that since the
various A are approximately of the same order, the expression
for Z r , Eq. (13), depends weakly on a and Xcg (assumed
small), and setting both to zero reduces Eqs. (13) and (14) to

R '2rJ2 + K')(R '2r^2a2 + rj4)

Z = \+K
1 +KR2 (16)

l - R2)A4 + 2(r2^!

2(\+KR2)Al/A4

4A3A4R2)A2A4

- 7r/>t(l - R2) + 2(1 + KR2)A{A2
(17)

The condition for flutter, £2>0, simply requires that the
denominator in Eq. (17) be negative and R be less than one—
usually the various A are all positive—and, consequently,
kc - 1/V/i for large mass ratio /*. Since Z, also .defined as
(A:ct//ca)a)~2, is independent of /*, the flutter speed U must
then be proportional to V^t.

Test Cases
We have chosen the computed data and results published in

Refs. 16-18 to verify the formulas derived and justify the

'# '2)CR ' W + rj4)
(15)

assumptions made in the preceding section. First of all, the
adequacy of Fung's model is examined by converting the
complex aerodynamic coefficients published in these refer-
ences to their corresponding C/a, CWa, A/, and Xm of Eq. (9),
which are shown in Figs. 2a-2d with different symbols for
different airfoils of different thicknesses or from different
references. The agreement between the computed and con-
verted model values is satisfactory for reduced frequencies less
than 0.2, as Fung14 pointed out. It should be noted that the
negative value of A4 in Fig. 2d is due to a violation of the low
frequency assumption necessary for Fung's lag model and that
there are inconsistencies, especially at high Mach numbers,
between the converted values from different references for the
same NACA 64A010 airfoil. The effect of these inconsisten-
cies will be discussed later. Figure 3 shows excellent agreement
between the flutter boundaries and frequencies obtained using
the converted model parameters and a full (without the subse-
quent simplifications) implementation of Eqs. (10) and (11)
and those shown in Fig. 8 of Yang et al.16 for a NACA 64A006
airfoil, Xcg = 0, a = - 0.5, R = 0.1, ra = 0.5, and three /*.

Since Z is found to depend weakly on /*, the Z values
corresponding to a = 0 but otherwise the same set of parame-
ters as those in Fig. 3, are plotted on an inverted scale in Fig.
4 together with the Z values for the Cast-7, NACA 64A010,
and flat plate airfoil. Unlike the U curves in Fig. 3, the Z
curves here show only a weak sensitivity to /*, weaker for
larger ju, as evidenced by the smaller difference between the
curves for the larger p than for the smaller /*. Since all cases
shown in Fig. 4 are for the same set of structural parameters,
the differences in the flutter curves are purely aerodynamic or
effects of different airfoil thicknesses. From all data examined
and computed for the Mw range 0.6-0.9, it is found that kc has
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-NACA 64A006 (Ref. 16)
-NACA 64A010 (Kef. 17)
-CAST-7 (Ref. 17)
-Flat plat* (Ref. 17)

-NACA 64A010 (Ref. 18)

0.55 0.6 0.65 0.7 M 0.75 0.8 0.85 0.9

Fig. 2a Lift slopes converted from data in Refs. 16-18.

Fig. 2b Lift response times converted from data in Refs. 16-18.

-NACA 64A006 (Ref. 16)
-NACA 64A010 (Ref. 17.
-CAST-7 (Ref. 17)
-FLAT PLATE (RefJ7)

-NACA 64A010 (Ref. 18)

Fig. 2c Moment slopes converted from data in Refs. 16-18.

0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9

Fig. 2d Moment response times converted from data in Refs 16-18.

As mentioned before, a full implementation of Eqs. (10)
and (11) requires iterative guesses of the normalized flutter
pressure U unless A/ = Xm, which in general are of the same
order but different, as the values in Figs. 2b and 2d exemplify.
Figures 5a and 5b compare results obtained using the simpli-
fied formulas (13-15) with those using Eqs. (10) and (11) for
two choices of a corresponding to the two conditions for Eqs.
(13) and (15). The agreement is generally good with only
quantitative differences near the dips. It is interesting to note
that the frequencies predicted using the simplified formulas
are substantially higher near the dip, whereas the full imple-
mentation keeps them at about the same as those at lower
Mach numbers. It seems that the coupling between Eqs. (10)
and (11) makes shallower dips and the flutter frequency rather
insensitive to M^. Setting both a and Xcg to zero for reasons
mentioned earlier and taking advantage of the insensitivity of
kc, the difference between Eqs. (12) and (13), or (15), i.e.,

_
exact - l+KR2F(k*,A$, A,

k2(\-R2)K(A2-A2)

\+K
1+KR2

[1 + KR2 + k2(At + KR2Al)\(\ + KR2) (18)

where F(k2, A%, A%) = (1 + k2A%)/(l + k2At). This shows
clearly that the error is proportional to k2 and K(A2 - At),
the latter of which attains its maximum at the dip according to
the data in Figs. 2a-2d. Since kc is usually small for flutter at
transonic speeds and is shown earlier to be proportional to
1/VjLt, the weak and decreasing sensitivity of Z to increasing p

a=-O.S, X =0, R=0.1, r =0.5
A """•*«l
• \lm200Ref.l6t

^^]Lm30^£ltJ~ * '

U/b<Q a -..----...-

Fig. 3 Comparison of flutter speeds and frequencies computed using
present theory and classical method.16

only a weak dependency on M^. Hence, it is advantageous to
replace the conventional U vs M^ flutter curve with a Z vs Mx
curve, which is inversely proportional to U2 but almost inde-
pendent of fji. It is interesting to note that, for the NACA
64AGIO and the same set of structural parameters,
Xcg = - 0.25, a = - 0.5, R = 0.3, ra = 0.5, and fjL used in
Ref. 17, no flutter values were obtained for M^ immediately
beyond 0.82, precisely as the positiveness of Eq. (17) is vio-
lated due to the increased R = 0.3 value (from the R =0.1 for
the curves in Fig. 4), and no flutter values were shown in Ref.
17 either. Effects of changing other structural parameters on
the flutter boundary predicted by Eqs. (10) and (11) are found
to be essentially the same as those published by other authors
using the classical approach.

a-0, X -0, RmO.l, r -0.5,

0.55 0.6 0.65 0.7__ 0.75 0.8 0.85 0.9

Fig. 4 Comparison of Z for different
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found in Fig. 4 is clear from Eq. (18). Furthermore, this
insensitivity to kc of the flutter speed justifies, as well as
explains, the use of a crude model for the aerodynamic re-
sponse.

Another comparison has been made with the cases Isogai18

used to study the transonic dip mechanism. Figure 6 compares
the flutter speeds and frequencies computed using the full and
simplified formulas with those of case B of Isogai18 for the
parameter set of Xcg = 0.2, a = - 0.3, R = 0.2, ra = 0.7,
fj, = 60, and A converted from the data shown in Ref. 18. The
agreement is generally good. The discrepancies between the
full and simplified formulas (the bullets and crosses) are again
attributed to the substantial difference between the two aero-
dynamic time scales A2 and A4, compare the circled crosses in
Figs. 2b and 2d. The difference in the predictions of the
location of the dip between the present theory and that com-
puted by Isogai (the diamonds) is due to the differences in the
various A converted from different harmonic responses of
different frequencies. According to Fung's model, there
should only be one set of A for all frequencies. However, in
practice, the various A converted from different frequencies
are different, and the differences are less for those converted
from lower frequencies than those from higher ones. It should
also be noted that the various A converted from Ref. 17 are
more consistent with Fung's model than those converted from
Ref. 18 for the same airfoil. The flutter boundary computed
using parameters converted from Ref. 17 and the full formulas
(the squares in Fig. 6) agrees better with that using parameters
converted from Ref. 18 and the simplified formulas (the

amQ, Xcg~0, R-0.1, ra-0.5, \l-100

-full formulas, Eqs. (10)4(11) I
-simplified formulas, Eqs. (13)&(14)|

0.

1 |

i !
55 tf.7 0.75 M 0

>t — °̂ "T . 1h-— « — *-*̂  i
i ;
i ii i

8 0.85 rf.9

Fig. 5a Comparison of Z and frequencies predicted using full and
simplified formulas for r2 + 2ceXCg — a2 ̂  0.

-full formulas, Eqs. (10)&(11) I
-simplified formulas, Eqs. (14)&(15) I

0.75 M 0.8

0-75 M 018

Fig. 5b Comparison of Z and frequencies predicted using full and
simplified formulas for r2 + 2aXcg - a2 = 0.

———— • ———— I ———— !-

• 1

- fe==L - •——— F^ .̂̂ ;
' ^^^^Trf

1 i T

— •—/«// (4*t* from *<f. IS)
—— i— tlmp (d*m from Rtf. 18)

^>
S£

/J*
//-Mr

Fig. 6 Comparison of flutter speeds predicted using full and simpli-
fied formulas for different data sets.

crosses) than with that using the full formulas (the bullets).
The discrepancies simply imply that there are disagreement
and inconsistency between the two sets of aerodynamic data
computed by different researchers for the same airfoil. Of
course, all results shown can be obtained by using A computed
directly from indicial responses, instead of converted from
known data. However, the conversion from harmonic re-
sponse of a particular frequency gives a better representation
of A for the frequency range, whereas the various A from
indicial response are the optimum choice, according to Fung,14

for all frequencies.

Transonic Dip
Despite its long history and numerous experimental and

numerical verifications, a satisfactory explanation has not
been available for the most conspicuous phenomenon of flut-
ter, the transonic dip, whose existence is believed to be the
result of the large phase lags between structural deformations
and their aerodynamic responses. A clear explanation for this
phenomenon is explicit in both the simplified and exact ex-
pressions for Z, whose strong dependency on the parameter
group K implies that the extremum of Z must coincide with
that of K. Once this simple fact is known, the location of the
dip is simply where K is stationary with respect to M^, i.e.,

dZ
dMoo~(l + KR2)2

dK

(l+KR2)2

or approximately

dZ 4(\-R2)K

1 cL43 1 cL44

4(\-R2)K dCm

(19)

— (20)
(1 + KR2)2A3 dMoo (l+^2)2CWadMoo '

since A3 is substantially smaller than both A\ and A4 at tran-
sonic speeds. Hence, a simple criterion for the location of the
flutter dip is where (dC^/dMoo) = 0, which is predictable
using quasisteady results.

All flutter results shown earlier, compare Figs. 2c and 4, as
well as others that we have studied, inspected, or computed,
agree with this simple criterion. Furthermore, this strong de-
pendency of the flutter dip on the moment slope seems to hold
for wings as well. Figure 7 shows computed Cma values and
flutter boundaries using ZUNAS.19 The dips of "both flutter
boundaries for the YXX wing computed using either inviscid
or viscous (Navier-Stokes) mean flows (as reported in Ref. 20)
follow closely the peaks of the corresponding Cma, despite the
substantial shift of dip location due ,to viscous effects. It
appears that the agreement between the inviscid curves is
better than that between the viscous curves. This is due to the
much smaller dCWc/dMoo when viscous effects are considered
than that when viscous effects are ignored. Hence, the terms
ignored in Eq. (19) can account for the slight inalignment
between the moment slope peak and the flutter dip. If the



146 FUNG AND SHIEH: FLUTTER AT TRANSONIC SPEEDS

• ZUNAS(cc=0°) Full Potential Mean Flow
* ZUNAS(a=-1°) Navler-Stokes Mean Flow

-ZUNAS(a=-1o)-N/S \

0.7 0.725 0.75 0.775 0.8 0.825 0.85

-Doublet Lattice Method
ZUNAS(o=0°) - no nutter

r
0 60

50
0.7 0.725 0.75 0.775 0.8 0.825 0.85

ML

Fig. 7 Computed C,n peaks and flutter boundary dips.

Fig. 8 Measured Cnia peak and flutter boundary dips of Refs. 8 and
21.

variations in the lift slope A\ were included, the combined
moment-slope-over-lift-slope curve would peak at a lower
Mach number but closer to the dip than that of the moment
slope alone. It should be noted that this Cma curve was ob-
tained by changing the angle of attack of the entire wing,
whereas the flutter points were computed assuming six wing
deformation modes, all of which have zero root-chord dis-
placement. The agreement here is, of course, qualitative, but
the dominant role of Cma in flutter prediction is nonetheless
clear. Figure 8 shows the same consistency between the dip
and the Cma peak, extracted and integrated from the data
published in Refs. 8 and 21, for the TF-8A wing used in the
well-known Farmer and Hanson experiment.8 However, both
Yates' modified strip theory21 and the present criterion under-
predict the dip location by 0.04 Mach number. Yates et al.21

attributed this shift to the difference in model and wind-tunnel
sizes between the flutter wing model in the Farmer and Han-
son experiment and the pressure wing model in Harris' investi-
gation,22 from which the quasisteady aerodynamic data used
for the theoretical predictions originated. Furthermore, it can
be inferred from the sensitivity of the moment slope to viscous
effects, shown earlier on the YXX wing, that the deformation
of the (flexible) flutter wing model8 under load can also cause
a substantial variation of the moment slope from that mea-
sured on the (rigid) pressure wing model.22

According to the present theory, flutter at transonic speeds
depends on two structural parameters, R and ra, but critically

Fig. 9 Variations of moment over lift slopes through transonic Mach
numbers.

on the aerodynamic parameter group CWc/(XmC/a). At super-
critical speeds, these values deviate substantially from those at
low Mach numbers or predicted by linearized theory. As ex-
emplified in Fig. 9 for the values in Figs. 2a and 2c, the
moment-slope-over-lift-slope ratio is roughly 0.25, corre-
sponding to the quarter-chord location of the aerodynamic
center for subsonic Mach numbers as linearized theory pre-
dicts, but changes drastically within a narrow range of tran-
sonic speeds to small values, corresponding to the movement
of the aerodynamic center toward the midchord as the shock
moves toward the trailing edge, rendering the flow over the
suction side essentially supersonic. Because of the increasing
time lag, measured by l/Xm, the flutter speed becomes increas-
ingly dependent on the moment slope Cma, which increases
rapidly as the shock appears and decreases sharply as the
shock approaches the trailing edge. The transonic dip is simply
a manifestation of this purely transonic aerodynamic phenom-
enon.

Conclusions
It is shown that the two-degree-of-freedom airfoil flutter

system is algebraically homomorphic in that solutions about
different elastic axes can be made equivalent to that about the
midchord by redefinition of the structural parameters. Fung's
aerodynamic model for unsteady transonic flow further sim-
plifies the representation of aerodynamic responses and re-
veals the weak coupling between the flutter dynamic pressure
and frequency. Thus, explicit algebraic expressions for the
flutter dynamic pressure and frequency with groupings of
quasisteady aerodynamic parameters distinct from structural
parameters are possible. The expression for the flutter fre-
quency also implies the condition for flutter. Many character-
istics of flutter and their parametric dependency are readily
discernible from the full as well as the simplified expressions.
Extensive comparisons with published results by other authors
show excellent agreement between the present approach using
a simplified aerodynamic model and the classical approach
using numerically integrated nonlinear aerodynamics.

In addition to the usual structural parameters, the present
theory characterizes flutter by four aerodynamic parameters,
two of which, the lift and moment derivatives, are readily
available from quasisteady calculations or measurements and
the others, the characteristic time constants of lift and mo-
ment responses, from numerical or experimental indical re-
sponses/to change of a. Flutter is found to depend critically on
the parameter group CWc/(AmC/a), and the transonic dip is
simply a manifestation of the variation of Cma with M^.

The theory here suggests that the phenomena of flutter,
which are unsteady in nature, can be viewed as a result of the
delay in aerodynamic response to a change of position. The
conditions at which flutter occurs are determined by the qua-
sisteady stability derivatives modified and enhanced by a mea-
sure of this delay.
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